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The seven types of symmetric graph of valency 3 are described in a unified way 
in terms of generators and relations for their automorphism groups, and some rela- 
tionships among the types are deduced. Also a number of new finite symmetric 
graphs are defined, solving the first three problems posed by Djokovii: and Miller 
in [J. Combin. Theory Ser. B 29 (1980), 195-2301. 0 1989 Academic Press, Inc. 
The complete graph K4, which has the symmetric group S4 as its group 
of automorphisms, is an example of a symmetric graph. 
DEFINITION. A group G of automorphisms of a graph Z is said to act 
symmetrically on E if it acts transitively on the vertices of C, and the stabi- 
lizer in G of each vertex v acts transitively on the vertices adjacent to V. In 
this case G acts transitively on the arcs (or ordered edges) of C, and C is 
called a symmetric graph. 
More than one group may act symmetrically on such a graph; for exam- 
ple, the alternating group A, also acts symmetrically on &. 
The full automorphism group of the infinite cubic tree T acts symmetri- 
cally on T, and, for reasons outlined in the next paragraph, the question 
arises: which groups acting symmetrically on T have each stabilizer of a 
vertex finite? The answer, which comes from the research of many authors, 
notably Tutte [6, 71, Wong [S], Biggs Cl], Sims [S], Goldschmidt [3], 
and Djokovic and Miller [2], is surprisingly restrictive: there are up to 
isomorphism only seven of them, and each can be described precisely. 
These groups will be described again below in a unified way, and some 
relationships among them will be deduced, partly in order to facilitate our 
other aims. 
All of this has relevance for the study of linite graphs, for if G is a group 
of automorphisms of a finite cubic graph C, then there is a natural 
homomorphism from one of the seven groups onto G which is injective on 
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the stabilizer of each vertex and on the stabilizer of each edge, and which 
is compatible with a graph homomorphism of T onto C (see Theorem 1.4). 
Some new finite symmetric graphs will be described also, partly in order 
to solve some of the problems posed by Djokovic and Miller towards the 
end of their paper [2]. 
The following notations will be used throughout: (x, y, z, . . . ) is the 
group generated by X, y, z, . . . . x-” = y - ‘xy; A, and S, are the alternating 
and symmetric groups of degree n; S, x C2 is the direct product of S, with 
the cyclic group of order 2. 
1. SEVEN GROUPS WHICH ACT SYMMETRICALLY ON 
THE INFINITE CUBIC TREE 
The groups will be defined, in a unified way, by generators and relations, 
their action on the infinite cubic tree will be described, and an appeal to 
the result of Goldschmidt [3] or Djokovic and Miller [2] will identify 
them with all the groups acting symmetrically on the tree. 
The groups are named G, , Gi, Gi, G3, Gi, Gi, and G5. They are each 
generated by 3 elements h, a, p which satisfy 
h3 = 1, p2 = 1, 
and 
a2= 1 for 6, Gi, G3, Gi, G,, 
or 
a2=p for G:, Gz. 
The other relations to be satisfied are 
G,: p= 1; 
Gi and Gi: p%p, h&h-‘* 
G,: ph=P, p”cq, hl=h’, 
9P = P% 
Gi and G$ p”=p, ph=q, qa=r, h&h-l, 
qh = P49 
( p, q ) and ( p, r ) are elementary abelian groups, 
rq = P4C 
G,: ph=p, paEq, qh=r, ra=S, h&h-l, 
rh = pqr, 
(p, q, r ) and ( p, q, s) are elementary abelian groups, 
sr = pqrs. 
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In preparation for our main technical result, Theorem 1.1, two defini- 
tions will now be made; they are to be understood in the context of the 
groups just defined. 
DEFINITION. A word in the symbols h, h*, a will be called a tree word 
if (1) every occurrence of h or h*, not at the end of the word, is followed 
by a, and (2) every occurence of a, not at the end of the word, is followed 
by h or h*. 
DEFINITION. The following will be called ordered edge words in the 
stated groups. 
In G,: 1. 
In G: and Gf:p”’ where E~ = 0 or 1. 
In G3 : pE1qE2 where s1 and s2 = 0 or 1. 
In G: and Gi:pB1qE2rB3 where si, E*, and s3 = 0 or 1. 
In G5 : pE1qs2rE3sE4 where sl, s2, s3, and sq = 0 or 1. 
The main technical theorem describing the structure of the seven groups 
is 
THEOREM 1.1. For X=Gl, G:, Gz, G3, Gi, Gi, G5, every member of X 
can be written in a unique way as a product w1 w2 where w1 is a tree word 
and w2 is an ordered edge word. 
ProoJ: The proof will only be given when X= Gi or Gi, the other cases 
being similar. 
First, as X is generated by h, a, p, all of which have finite order, any 
element of X can be written as a word in these three letters. Second, any 
such word can be put in the desired form by a sequence of moves 
involving: 
( 1) replacing h3 by 1, 
(2) replacing a2 by 1 if X = G: or by p if X = Gi, 
(3) replacing p*, q*, and r* by 1, 
(4) moving letters h and a to the left using the relations 
pa = ap, qa = ar, ra = aq, 
ph = hq, qh = hpq, rh = h*r, 
(5) 
relations 
sorting a word in p, q, r into alphabetical order using the 
4P = P49 rp = pr, rq = pqr, 
(6) removing any unnecessary appearances of 1. 
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Finally, to prove that this way of writing a member of X is unique, sup- 
pose that wi w2 = w3wq where wl, wj are different tree words and w2, w4 
are different ordered edge words. Then the equation w; ‘wi = w,w,’ 
expresses a non-identity word WC ‘u’i in h and a in terms of a word in p, 
q, r. Reference to the defining relations for Gi and Gi shows that the only 
possibility is that X= Gi, wr’w, = a2, and w,w,’ =p. Then wi = w3a2, so 
that one of wl, wj ends in a2 or a3, contradicting the fact that both are tree 
words. 
That proves Theorem 1.1. 
Table I defines, in each of these groups, two subgroups H, A, and 
describes their intersection: the proof that the intersection has the form 
stated follows from the last theorem. 
For the graphs on which these groups act, the orders of H, A, and H n A 
will be significant. 
THEOREM 1.2. For agroup X=G,, Gf or GS, l<s<5, 
1 HI = 3.2”- ‘, IAl = 2”, IHnAI =2’-‘, 
[HI=3 IHnAI, JAI =2 IHnAI. 
ProoJ This follows from Theorem 1.1. 
The action of each of the seven groups on the infinite cubic tree is 
specified by defining, inside the group itself, a copy of the tree, and stating 
the way in which the group should act on it. 
DEFINITION. For each group X=G1, Cl, G:, G,, Gi, Gi, G5, define a 
graph T as follows: the vertices of T are the left cosets of H in X, with 
cosets xH and yH being adjacent if and only if Hx-‘yH = HaH. (For more 
details of this construction see Lorimer [4].) 
THEOREM 1.3. T is a connected infinite cubic tree on which the group X 
acts faithfully and symmetrically as a group of automorphisms, under the 
action g: xH --+ gxH for each g E X and each vertex xH of T. The vertex H 
TABLE I 
Table of H, A, and H n A 
G, G, G G3 G:, G: G5 
582b/47/1-5 
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is adjacent to the vertices aH, haH, h2aH, and its stabilizer is the subgroup 
H. Each coset of H in X contains a unique tree word ending in a, and the 
coset containing the tree word w is adjacent to those containing wa, wha, and 
wh2a, all of which are tree words. 
Proof It follows from Theorem 1.2, or directly from Theorem 1.1, that 
HaH = aH u haH u h2aH. Thus any coset xH is adjacent to xaH, xhaH, 
and xh2aH-the graph is cubic. The action of X defined, represents X as a 
permutation group on the vertices of T. As such, the stabilizer of the vertex 
H is the subgroup H. Also the subgroup (1, h, h2} acts transitively on the 
vertices aH, haH, h2aH, which are adjacent to H-so X acts symmetrically 
on H. 
From Theorem 1.1 any coset can be written in the form wH where w  is 
a tree word. As h E H it can be assumed that w  ends in a and clearly each 
coset can contain only one such tree word. This also implies that any coset 
is connected to H by a path in the graph-it is a connected graph. (For 
example, H is connected to hah2ah2aH by the path H, haH, hah2aH, 
hah2ah2aH.) 
If there is a cycle in the graph having xH as one of its vertices, then 
xH = xwH where w  is a tree word containing at least one a. Then w  E H 
which contradicts Theorem 1.1. 
That the representation of X on T is faithful results from the following 
observations: 
In G,: Hn H”= 1. 
InGiandGz: HnH”nHuh=l. 
In G,: Hn Hun Huhn Hahu= 1. 
In Gi and Gz: Hn Hun Hahn Huhan Hahuh= 1. 
In G, : H n H” n Huh n Huhu n Hahuh n Huhuhu = 1. 
This completes the proof of Theorem 1.3. 
Theorem 1.3 describes all groups which act symmetrically on a 
connected cubic graph and have the stabilizer of each vertex finite, in the 
following sense. 
THEOREM 1.4. Let G be a symmetric group of automorphisms of a cubic 
graph C in which the stabilizer of each vertex is finite. Then, for some group 
X= G1, Gi, Gz, G,, Gi, Gi or G,, acting on the cubic tree T, there is a 
surjective permutation homomorphism 4: X + G which is injective on H and 
A, that is, ker#n(HuA)= 1. 
Proof This is part of the content of Theorem A of Goldschmidt [3] 
and Theorem 1 of Djokovic and Miller [2]. 
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Also, Theorem 1.3 sets up a one-to-one correspondence between tree 
words and the vertices of the infinite cubic tree; that is why they are called 
tree words. The ordered edge words are those elements which fix the 
ordered edge from H to aH. 
2. SOME NEW EXAMPLES OF SYMMETRIC CUBIC GRAPHS 
Three new examples of finite symmetric graphs of degree 3 are described 
below. In each case we give a set of generators for an alternating or sym- 
metric group G of small degree, these generators satisfying the relations for 
one of the groups presented in Section 1. 
Then with the appropriate choice of subgroup H, the same construction 
as outlined earlier (or in [4]) produces a connected cubic graph C on 
which G acts faithfully and symmetrically as a group of automorphisms, 
with H the stabilizer of a vertex. 
In fact these graphs are not just symmetric, but s-arc-transitive for 
s = 5, 2, and 4, respectively. An s-arc in a graph C is an (s + 1 )-tuple 
(b Ul, -**, u,) such that vi is adjacent to vi-, for 1 d i < s but vi+ 1 # vi- 1 for 
1 < i < s. The graph Z is said to be s-arc-transitive if its automorphism 
group acts transitively on the s-arcs, and s-arc-regular if this action is 
regular. Now Tutte’s theorems (in [6, 71) say that if Z is a finite symmetric 
graph of valency 3, then .Z’ is s-arc-regular for some s < 5, and then, 
moreover, that the stabilizer H of any particular vertex has order 3.2”- ‘. 
Indeed the structure of H is also known in these cases: 
HzCC, when s= 1, 
HZSS, when s= 2, 
HzTS,xC, when s=3, 
HK3, when s=4, 
H=S4xC2 when s= 5, 
as may be seen in any of the works [ 1,2] or [6], and corresponding in 
an obvious way to the entries of Table I given in Section 1. 
EXAMPLE 2.1. Let h, a, p, q, r, s be the following permutations of 
degree 26: 
h = (1, 2, 3)(4, 5, 6)(7, 8, 9)(10, 11, 12)(13, 14, 15)(16, 17, 18) 
(19, 20, 21)(22, 23, 24) 
582b/47/1-5* 
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a = (1, 19)(2, 24)(3, 14)(4, 26)(5, 20)(6, 17)(7, 25)(8, 21)(9, 18) 
(10,22)( 11,23)( 12, 15) 
p = (1,4)(2, 5)(3, 6)(7, 10)(8, 11)(9, 12)( 19, 22)(2Q, 23)(21, 24)(25, 26) 
q = (1, 10)(2, 8)(4, 7)(5, 1 l)( 14, 17)( 15, 18)( 19, 26)(20, 24)(21, 23)(22, 25) 
r = (2, 11)(3, 9)(5, 8)(6, 12)( 13, 16)( 15, 18)(19, 24)(20, 26)(21, 22)(23, 25) 
s = (1, 2)(4, 5)(7, 11)(8, 10)(9, 12)( 13, 16)( 14, 18)( 15, 17)(20, 21)(23, 24). 
These elements satisfy the presentation for the group G, and in particular 
they generate a finite homomorphic image G of Gg. The subgroup 
H = (h, p, q, r, s) has order 48 and is isomorphic to S4 x C,, with orbits 
{ 4 2, “‘, 12}, (13, 14, . . . . 181, (19, 20, . . . . 26). Note that p is the unique 
non-trivial element in the centre of H. On the other hand, G itself is a 
transitive subgroup of &, and as the permutation ha is the product of a 
17-cycle and a 9-cycle, G is primitive, and by Jordan’s theorem (cf. 
Theorem 13.9 in [9]) we find G = A,,. 
The associated cubic graph has 26!/96 vertices, with A,, as a group of 
automorphisms acting regularly on the 5-arcs. Indeed by Tutte’s theorem 
A,, is the full automorphism group of this graph. 
EXAMPLE 2.2. Let h, a, p be the following permutations of degree 11: 
h = (62, 3)(4, 5, 6)(7, 839) 
a=(l,4, 2, 5)(3, 7)(8, 10, 9, 11) 
P=(l, w, 5)(8, 9)(10, 11). 
These elements satisfy the presentation for the group G$ and in particular 
they generate a finite homomorphic image G of G:. Now G is a transitive 
(and therefore primitive) subgroup of S,, , and as the permutation ha is the 
product of a 9-cycle and a 2-cycle, (ha)9 is just a 2-cycle, so by Jordan’s 
theorem G = Sll. The subgroup H = (h, p ) is clearly isomorphic to S3, the 
non-abelian group of order 6, with orbits { 1, 2, 3}, (4, 5, 6}, (7, 8, 91, and 
(10, ll}. 
The 6,652,800 left cosets of H in G may be taken as the vertices of a 
cubic graph, with S,, acting regularly on the 2-arcs. Indeed we shall see in 
Section 4 that S1, is the full automorphism group of this graph. 
EXAMPLE 2.3. Let h, a, p, q, r be the following permutations of 
degree 29: 
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h = (1, 2, 3)(4, 5, 6)(7, 8, 9)( 10, 11, 12)(13, 14, 15)( 16, 17, 18)( 19, 20, 21) 
(22, 23, 24)( 25, 26, 27) 
a= (2,4)(3, 7)(5, 10, 8, 13)(6, 16, 9, 19)(11, 28, 20, 22)(12, 23, 18, 24) 
(14, 29, 17, 25)( 15, 26, 21, 27) 
p = (5, 8)(6, 9)( 10, 13)( 11, 20)( 12, 18)( 14, 17)( 15, 21)( 16, 19)(22, 28) 
(23,24)(25,29)(26,27) 
q = (4, 7)(6,9)( 10, 16)( 11, 14)( 12, 21)( 13, 19)( 15, 18)( 17, 20)(22, 24) 
(23,28)(25,27)(26,29) 
r= (2, 3)(5, 6)(8, 9)(11, 12)(14, 15)(16, 19)(17, 21)(18, 20)(22, 25) 
(23, 27)(24, 26)(28, 29). 
These elements satisfy the presentation for the group Gi, and in particular 
they generate a finite homomorphic image G of Gi. The subgroup 
H= (h, p, q, r) has order 24 and is isomorphic to Sq, with orbits (1,2, 3}, 
(4, 5, 6, 7, 8,9 >, { 10, 11, . . . . 21}, and { 22, 23, . . . . 29). On the other hand, G 
itself is a transitive subgroup of Az9, and as the permutation h2ahaha is the 
product of a 23-cycle, a 2-cycle, and a 4-cycle, we find by Jordan’s theorem 
that G = A,,. 
The associated cubic graph has 29!/48 vertices, with A29 as a group of 
automorphisms acting regularly on the 4-arcs. Indeed we shall see in 
Section 4 that A,, is the full automorphism group of this graph. 
3. SOME RELATIONS AMONG THE SEVEN GROUPS 
Some of the relationships among the seven symmetric automorphism 
groups of the infinite cubic tree will now be described. As these already 
appear in Djokovic and Miller [2] in a different form, their proofs will 
only be hinted at. 
In this section, each of the seven groups G,, . . . . GS will be regarded as a 
group of automorphisms of the cubic tree (and all isomorphisms will be 
permutation isomorphisms). 
THEOREM 3.1. The groups Gi , G, , Gi , G5 all have subgroups permuta- 
tion isomorphic to G1 (of indices 2, 4, 8, 16 respectively). 
Proof In each case (h, a) has the required property. 
Next, to the relationship among Gl, Gi, and G, : it will be shown that 
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G3 has subgroups of index 2 isomorphic to Cl and G$ First, let us make 
a technical definition and define two subgroups of G3. 
DEFINITION. If g is a word in h and a, deline a(g) to be the number of 
occurrences of a in g. 
DEFINITION. K;= (gEG3 g = w1 w2, where wi is a tree word, and 
w2 = p”lq”* is an ordered edge word with E~ + E, even}. 
DEFINITION. K;= {gEG3 g= w1 w2, where w1 is a tree word, and 
w2 =pE1qs2 is an ordered edge word with a(g) + &I + c2 even]. 
THEOREM 3.2. K: and K: are subgroups of G of index 2 which are 
permutation isomorphic to G$ and Gz, respectively. 
Proof: In Ki put p1 = pq. Then h, a, p1 satisfy the relations in the 
definition of G:. 
In K: put a, = ap, p1 =pq. Then h, a,, p1 satisfy the relations in the 
definition of Gz. 
There is a very similar relationship among G:, Gi, and G5. 
DEFINITION. K:= {gE& I g=wlw2, where w  i is a tree word, and 
w2 =pE1qE2rE3sE4 is an ordered edge word with &I + .s2 + c3 + Ed even}. 
DEFINITION. K:= {gEG I g=wlw2, where w1 is a tree word, and 
w2 =p&lq&2re3SE4 is an ordered edge word with a(g) + E~ + &2 + &3 + c4 even}. 
THEOREM 3.3. K: and K: are subgroups of G5 of index 2 which are 
permutation isomorphic to G: and Gz, respectively. 
Proof. In K: put hI = hpq, p1 = pq. Then hl, a, p1 satisfy the relations 
in the definition of Gi. 
In K: put h, = hpq, a, = ap, p1 =pq. Then hI, a,, p1 satisfy the relations 
in the definition of Gz. 
Of course K: n K: is a normal subgroup of G,, with quotient isomorphic 
to c2xc2, so there is a third subgroup of index 2 in G5, namely 
L = (g E G, 1 a(g) is even}. Note that L contains each of the elements h, p, 
q, r, s. And further, in the notation of Theorem 1.4 with X= G5, the 
homomorphism 4 maps L onto a subgroup of index 2 in the group G if and 
only if the associated cubic graph E is bipartite-in which case the image 
of L is the subgroup lixing each part. 
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4. SOLUTION OF THREE PROBLEMS OF DJOKOVI~ AND MILLER 
At the end of their paper [2] Djokovib and Miller listed seven questions 
whose answers they had been unable to find. We now provide solutions to 
the first three. 
For two of these questions, our answers make use of the following: 
PROPOSITION 4.1. Suppose G is a finite group which acts regularly on the 
2-arcs (respectively 4-arcs) of the connected cubic graph C. Let h, a, p be 
generators for G which satisfy the presentation given in Section 1 for one of 
the groups Gi (resp. Gd), where i = 1 or 2, and let H be the subgroup 
generated by h and p (resp. by h, p, q, and r). Then C has a 3-arc-regular 
(resp. 5-arc-regular) group of automorphisms containing G tf and only tf 
there is a group automorphism 4: G --+ G which centralizes H and takes a 
to ap. 
Proof: We consider first the case where G acts regularly on the 2-arcs 
Supposing such an automorphism 4 does exist, we may form the semi- 
direct product G, = G( $), and inside this group define elements h,, a,, 
p* as follows: 
h,=h, a,= a 
I 
if i=l 
4 if i=2, 
P*= 4. 
These elements satisfy the relations for the group G3, and with q* =pb and 
H, = <h,, P*, q*), we notice G, = (h,, a,, P,> and H, = (h, 4, P> 2 
(h,p)xW~GG. 
Now if we define an action of 4 on the graph C corresponding to the 
way 4 acts by left multiplication on the left cosets of H, in G,, we obtain 
a faithful action of G, on L’, with vertex-stabilizer.H,. In particular, G, 
acts regularly on the 3-arcs of C. 
For the converse, let G, be any group of automorphisms of C acting 
regularly on its 3-arcs and containing G as a subgroup (necessarily of index 
2 because of the usual transitivity formula). If H, is the stabilizer in G, of 
a particular vertex v of z1, then H, _ = S3 x CZ, so H, contains a non-trivial 
central involution, say 4. This element 4 corresponds to the element called 
p in the presentation for the group G3, and a brief analysis of the action 
of such elements on the associated cubic graph reveals that 4 must stabilize 
each of the vertices au and hat, and h2av adjacent to v in C. On the other 
hand, obviously 4 centralizes the subgroup H of H,, but 4 $ H (since H 
has trivial centre), and therefore 4 $ G. It follows that G, = G(b). In any 
case G is a normal subgroup of G,, and 4 may be regarded as an 
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automorphism of G. Well, now consider the element g = a- ‘4at#. Clearly 
g E G, but also g stabilizes v (since 4 stabilizes au), so ge H. Further, g 
stabilizes au, since a2 = 1 when i = 1 and a2 =p E H when i = 2. Thus g 
stabilizes the l-arc (v, au), so ge (p). But g is non-trivial, for otherwise 4 
would centralize all elements of G and we would then find that 4 stabilizes 
every vertex! Thus g =p; in other words, #a# = ap. 
The proof is similar in the case where G acts regularly on the 4-arcs of 
C. For the first part, we form G, in the same way, but then define 
h*=hp, a,= 
if i=l 
if i= 2, P*= 49 
4* = Ph r* = 454 s* =prb, 
This time the relations for G, are satisfied, with H, = (hp, 
~,p,q,r)~(h,p,q,r)x(~)rS,xC,, and the action of G, on C is 
regular on the Sarcs. For the converse, again H, contains a unique non- 
trivial central involution 4 (corresponding to the element called p in the 
presentation for G5), and a brief analysis of the action of such elements 
reveals that 4 stabilizes each of the vertices au and hau and h2av as well as 
all vertices adjacent to these in C. Letting g = a- ‘dad, we find g E G, and 
g stabilizes the 3-arc (hav, u, au, ahav), so that g has to be equal to p. Alter- 
natively, notice g fixes v and au, so g E (p, q, r ), but also g commutes with 
each of q and r (since aq = ra and ar = qa), so g E ( p ), and so on. Again 
#a# = ap. 
This completes the proof of the proposition. 
In fact this result follows also from the observations made by Djokovic 
and Miller [2]. In their Proposition 22, take (u, u, w) to be the 2-arc 
(h2av, U, au) in our notation, with y as our a, 5 as our hp, and 6 as our p; 
while for Proposition 23 take (uO, u 1, v2, v3, vq) as the 4-arc (h2ah2av, h2av, 
u, av, ah2av), with y as a, iT as hr, 5 as q, c” as p, and % as r. The conclusions 
are the same. 
At first sight, the existence of such an automorphism of the group G 
would appear very restrictive. But this is not quite so. For one thing, when 
i=2 we notice ap=aa2=a-‘; and in any case replacing a by ap in the 
relations for each of the groups Gi and Gi leaves them invariant, so each 
of these (infinite) groups has an automorphism 4 with the required proper- 
ties. This does not, however, always work for finite examples, as we see 
below. 
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PROBLEM 1. Construct a finite graph which is 5-arc-regular but has no 
4-arc-regular group of automorphisms. 
Our answer to this problem is to take the graph which was constructed 
in Example 2.1. This graph is j-arc-regular, with A,, as its automorphism 
group, but since AZ6 has no subgroup of index 2, there can be no subgroup 
acting regularly on the 4-arcs. Indeed A,, has no proper subgroup of index 
dividing 48, hence any group acting transitively on the vertices of our 
graph will actually be transitive on the 5-arcs! 
PROBLEM 2. Is there a finite connected cubic graph whose (full) 
automorphism group is 2-arc-regular of the type corresponding to Gf ? 
Consider the graph described in Example 2.2, with the group Sll acting 
regularly on its 2-arcs. All we have to do is show that Sll is the full 
automorphism group of this graph. 
Well, let G = SI1, and let h, a, p and H be as given in that example, but 
assume that G is a proper subgroup of the full automorphism group K of 
the graph. If K were regular on the 3-arcs, then by the above proposition 
we would find Sll has an automorphism 4 centralizing each of h and p but 
taking a to ap (which equals a- ’ ). In particular, since S1 1 has no outer 
automorphisms, we could regard 4 as a permutation of degree 11 acting by 
conjugation on the generators of G: now 4 would fix 6 (since 4 takes a to 
a- ‘), and then also 4 and 5 (since 4 centralizes h), so 4 would interchange 
1 and 2 (since 4 takes a to a - ’ ), but then 4 would not centralize h. This 
contradiction shows K cannot be regular on the 3-arcs, so it has to be 
regular on the 4-arcs or the 5-arcs. But again we get a contradiction, either 
by Theorem 3 of Djokovic and Miller [2], or by the following argument: 
G has index at most 8 in K, so the kernel L = n, E K X- ‘Gx of the 
standard representation of K on the left cosets of G is a normal subgroup 
of K with K/L isomorphic to a subgroup of S8. In particular, since the 
group A 1 1 is simple, and certainly not involved in S8, we find L has index 
1 or 2 in G, indeed L z A,, or Sll. Now if M denotes the stabilizer in K 
of the vertex labelled H, then L n M is a normal subgroup of M; but 
clearly LnM=LnGnM=LnH=H=(h,p)rS3, while MrS, or 
S4 x CZ, giving the desired contradiction. (Neither S4 nor S4 x C2 contains 
a normal subgroup isomorphic to S,.) 
Thus our graph in Example 2.2 solves Problem 2 with the answer “yes.” 
PROBLEM 3. Is there a finite connected cubic graph whose (full) 
automorphism group is 4-arc-regular of the type corresponding to Gi? 
Again the answer is “yes,” for this time Example 2.3 provides a graph 
with the required properties. We let G = Az9, and let h, a, p, q, Y and H be 
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as given in that example, but assume G is not the full automorphism group 
K of our graph. In that case K must be transitive on the 5-arcs, so there 
is an automorphism 4 of A,, centralizing each of h, p, q and r, but taking 
a to a-‘. Well, the automorphism group of A,, is SZ9; hence Q may be 
taken as a permutation of degree 29 acting by conjugation on the above 
generators: 4 fixes 1 (since 4 takes a to a- ‘), therefore fixes 2 and 3 (since 
4 centralizes h), and then fixes also 4 and 7 (since 4 takes a to a - ’ ), fixes 
5 and 8 (since 4 centralizes h), interchanges 10 with 13 (since 4 takes a to 
a-‘), interchanges 11 with 14 (since 4 centralizes h), but now 4 inter- 
changes 28 with 25 (since 4 takes a to a - ‘), so C$ cannot centralize h. This 
contradiction shows that A,, must be the full automorphism group-in 
other words, our graph is 4-arc-transitive (of the type corresponding to 
Gi), but not 5-arc-transitive. 
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